Non Linear Modeling of Mixed Ionic Electronic Conductors by Ciucci, F. & Goodwin, D. G.
Non Linear Modeling of Mixed Ionic Electronic Conductors 
 
F. Ciucci, D.G. Goodwin 
 
Division of Engineering and Applied Sciences, California Institute of Technology, 
Pasadena, California, 91125, USA 
 
A nonlinear model for the study of mixed ionic electronic 
conductors (MIEC) is presented in this paper. The model is time 
dependent and takes into account electrical carriers motion, the 
electrical behavior of the MIEC-metal interface and the kinetics of 
the chemistry occurring at the MIEC surface. By applying a small 
potential input, complex impedances are computed. 
 
Introduction 
 
Mixed ionic electronic conductors are currently of great interest for SOFC 
applications. For example, ceria-containing anodes can be operated directly on 
hydrocarbons without coking, and in addition can be used at lower temperatures than 
Ni/YSZ (see Trovarelli (1)). In order to design, optimize, and characterize MIEC 
electrodes, it is very useful to have models to aid in interpreting experimental results. In 
this work, we present a nonlinear, time-dependent model for the study of MIECs. This 
model allows us to compute in time and space species concentrations, electric potential 
and currents. Poisson’s equation is solved for the electric potential, coupled to nonlinear 
drift diffusion equations (DDE) for the relevant species in the bulk. Due to the high 
doping levels in MIECs, the DDE take into account interaction effects among defects. We 
also include the kinetics of reactions occurring at the MIEC surface and the triple phase 
boundaries. Since the model is formulated in the time domain and does not make small-
signal approximations, it is suitable to use to study nonlinear electrical excitation. As an 
example, linear impedance spectra are computed and illustrated. 
 
System Modeled 
 
The system we model is a MIEC slab placed between two metal electrodes (Figure 1). 
The MIEC is immersed in an oxidizing atmosphere consisting of O2 and a noble gas. The 
system is subjected to a constant total pressure, homogeneous temperature and variable 
partial pressure of O2 ( ˜ p O2 ). We also assume that the MIEC is highly doped and the 
electric charge distribution of the dopant is negative. We further suppose the MIEC 
conducts electrons and oxygen ions or conversely vacancies.  
 
The system under scrutiny is attached to an instrument that can measure the potential 
difference between the two electrodes and the current flowing within it. It is assumed that 
this instrument does not disturb the system under study and its dynamics is very “fast”. 
 
Drift Diffusion Equation.  
 
In order to determine the electrical properties of the MIEC, one needs to solve 
Poisson’s equation for the electric field and the conservation equations for each the 
species present in the sample, see Riess (2). We can then write the problem as follows: 
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div gradφ( )= −ρ /ε
∂tce + div je = 0
∂tcv + div jv = 0
           [1] 
where φ is electric potential, ρ the background charge, ε the permittivity of the medium; 
ce and cv are the electron and vacancy density (number of electrons per unit volume) 
respectively. With je and jv we indicate the fluxes of electrons and vacancies respectively. 
 
Figure 1. Schematic depiction of the MIEC assembly 
 
We assume that the fluxes je and jv are proportional to the gradients of 
electrochemical potential. For a generic species X we can write: 
     jX = −
cX DX
kbT
grad ˜ µX             [2] 
where ˜ µX  is the electrochemical potential of the species X. Since we assume oxidizing 
conditions and oxygen partial pressures greater than 10 Pa; we also assume that ce <<cV 
as indicated by Lai and Haile (3). Electroneutrality in the bulk together with equilibrium 
of the reaction: 
      VO
•• +
1
2
O2 + 2 ′ e ↔ OO
x             [3] 
gives unperturbed/bulk concentrations of vacancies and electrons divided by the 
background concentration of dopants B.1 
 
We will consider the case in which electrons are dilute and follow a Boltzmann 
distribution, while vacancies are present in much greater number. It follows that site 
exclusion and interaction effects have to be taken into account. For lack of other sources 
Hendricks et al. approach is used (4) and we will express the electrochemical potentials 
in this way: 
˜ µe = µe0 + kbT log
ce
ce
0
⎛ 
⎝ ⎜ 
⎞ 
⎠ ⎟ − eφ
˜ µv = µv0 + kbT log
cv
cv
MAX
− cv
⎛ 
⎝ ⎜ 
⎞ 
⎠ ⎟ + 2eφ
                     [4] 
 
                                                 
1 One needs to solve pO2
1 2ce
2cv = KR (T)  (where the concentration of OO
x  is unity) together 
with ce + B = 2cv . We take the value of KR from ref. 3. 
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Adimensional Parameters and Equations  
 
From the equations above a few adimensional parameters can be derived. First we can 
define: 
      
UT =
kbT
e
λD =
εUT
eB
τ e =
λD2
De
τ v =
λD2
De
τ = min τ e,τ v( )
                     [5] 
Then we will write the equations [1] in adimensional form using the transformations in 
[6]. 
    
˜ x = x λD ˜ t = t τ
˜ φ = φ UT n =ce n B( ) p = cv p B( )           [6] 
This leads to the following expression of [1]: 
      
∆ ˜ x ˜ φ =1+ n n − 2p p
τ n
τ
∂ ˜ t n + div ˜ x ngrad ˜ x ˜ φ − grad ˜ x n( )= 0
τ p
τ
∂˜ t p − div ˜ x
α
α − p p
grad ˜ x p + 2pgrad ˜ x ˜ φ 
⎛ 
⎝ ⎜ 
⎞ 
⎠ ⎟ = 0
         [7] 
Initial and Boundary Conditions 
 
Initial Conditions. In order to solve [7] we need appropriate boundary and initial 
conditions. Let us set that at t=0: 
 
˜ φ x,t = 0( )= 0
n(x,t = 0) =1
p(x, t = 0) =1
            [8] 
 
Figure 2. The Metal-MIEC interface. Depiction of the density of charge distribution near 
the MIEC-Metal Interface. 
 
Potential. First, let us investigate the effect of a contact metal-MIEC. Note that if a 
net electric charge is present at the MIEC interface then a charge of opposite sign will be 
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present at the metal surface. Suppose this charge is distributed uniformly over a length λS 
and that the time response of the metal is infinitely fast. This implies that there will be an 
offset between the measured potential difference and the potential experienced by the 
MIEC at the interface; we will write: 
 
          ˜ φ x,t( )= ˜ φ electrode − ∆ ˜ φ surf s.t. ˜ x ∈ ∂Ω∩∂ΩM          [9] 
 
where the drop in potential can be expressed by (see Figure 2.): 
     ∆ ˜ φ surf = 1
2
˜ Q λS
2
λDλD,m
−
∂ ˜ φ 
∂˜ x
λS
λD
s.t. ˜ x ∈ ∂Ω∩∂ΩM         [10] 
In the last expression, we introduced a few symbols: 
λD,m =
εmUT
eB
˜ Q = 2 p p − n n −1( )
0
˜ L mid∫ d˜ x        [11] 
and εm is the permittivity of the metal. 
 
Flux of electrons. We note that since both MIEC and metal are electron-conducting 
electrons can migrate from the MIEC onto the metal and vice versa. This flux of electrons 
is often times linearized (Change-Jaffé boundary conditions see ref. 5 ) or not taken into 
account. Other times this flux boundary condition is substituted by an Ohmic boundary 
condition (electroneutrality is satisfied at the contact see Selberherr(6)). We shall take a 
different approach. Following the work of Bethe (7) and Sze (8) we will assume that the 
flux has the following form: 
       Ý ω M ↔S = k f ,surf Bn ne
−
˜ E act e
1
2
∆φ surf
− e
−
1
2
∆φ surf⎛ 
⎝ ⎜ 
⎞ 
⎠ ⎟             [12] 
where: 
     k f ,surf =
8kbT
π mpolaron
∗
              [13] 
 
Kinetics of Reactions of MIEC. Following the work of Fleig (9), Fleig and Jamnik 
(10), Mebane and Liu (11) and experimental evidence by Lai (12) we will assume the 
following chemical kinetics for oxygen atoms (Figure 3.): 
 
                               
O2(g) + X(ad) ↔ O2(ad) [14.I]
O2(ad) + X(ad) ↔ O(ad) [14.II]
O(ad) + ′ e ↔ O− (ad) [14.III]
O−(ad) + VO
• ↔ OO
x [14.IV ]
VO
• ↔VO
•• + ′ e [14.V ]
 
where (g) means gaseous species, (ad) means adsorbed species, X indicates an 
unoccupied site on the surface and VO
• is a vacant oxygen site with charge +1.  
 
 In [14] we will assume that I, II, IV and V are equilibrated, or conversely that [14.III] 
is the rate limiting step. We will also assume that [VO
•] << [ ′ e ] << [VO
••]. Further assuming 
site exclusion of surface sites leads to write that: 
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Figure 3. Illustration of the reaction kinetics occurring at the MIEC surface 
 
 
                      
µO2 (g )
0 + kbTlog
pO2
pO2
0
⎛ 
⎝ 
⎜ ⎜ 
⎞ 
⎠ 
⎟ ⎟ + µX0 = µO2 (ad )0 + kbTlog
ϑO2
ϑ X
⎛ 
⎝ ⎜ 
⎞ 
⎠ ⎟ [15.I]
µO2 (ad )
0 + kbTlog
ϑO2
ϑ X
⎛ 
⎝ ⎜ 
⎞ 
⎠ ⎟ + µX
0
= 2µO(ad )0 + 2kbTlog
ϑO
ϑ X
⎛ 
⎝ ⎜ 
⎞ 
⎠ ⎟ [15.II]
dce
dt
= k fϑOcee 1−α( )∆χ UT − krϑO − e
−α∆χ UT [15.III]
µO − (ad )
0 + kbTlog
ϑO
ϑ X
⎛ 
⎝ ⎜ 
⎞ 
⎠ ⎟ − eφh + µVO•
0 + kbTlog
cVO•
cVO•
eq
⎛ 
⎝ 
⎜ ⎜ 
⎞ 
⎠ 
⎟ ⎟ + eφsub = µOOx0 [15.IV]
µVO•
0 + kbTlog
cVO•
cVO•
eq
⎛ 
⎝ 
⎜ ⎜ 
⎞ 
⎠ 
⎟ ⎟ = µVO••0 + kbTlog
cv
cv
max
− cv
⎛ 
⎝ ⎜ 
⎞ 
⎠ ⎟ + µ ′ e 
0 + kbTlog
ce
ce
0
⎛ 
⎝ ⎜ 
⎞ 
⎠ ⎟ [15.V]
 
where the ϑ ’s indicate site fractions (note that  ϑ X + ϑO − + ϑO + ϑO2 =1). We will 
rewrite the [15]’s as follows: 
                     
ϑO2 = αO2ϑ X
ϑO = αOϑ X
dce
dt
= k fϑ Oeqceeqe 1−α( )∆χ
eq UT ϑ O
ϑOeq
ce
ce
eq e
1−α( )η UT
−
ϑ O −
ϑ O −
eq e
−αη UT
⎡ 
⎣ ⎢ 
⎤ 
⎦ ⎥ 
ϑ X = γϑO − e
∆χ UT
        [16] 
 
where: 
 
αO2 =
eµO2 ( ad )
0
−µO2 ( g)
0
−µX0
pO2 pO2
0 =
α
˜ p O2
α0 =
αO2
e2µO ( ad )
0
−µO2 ( ad )
0
−µX0
=
α
β˜ p O2
γ = cv
cv
max
− cv
ce
ce
0 e
µ
OO
X
0
−µ
VO
••
0
−µ
′ e 
0 ∆χ
UT
=
e2ϑO − N0
CkbT
η = ∆χ − ∆χ eq
          [18] 
in which N0 is the total number of surface sites available per unit of the free surface area.  
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Finite Element Approximation. We will limit our study to a 1D model (Figure. 1) 
and in order to solve Eqs. [7] we will employ a traditional FEM method. We will omit 
mathematical subtleties and suppose the test and basis functions are continuous. We will 
further suppose the basis functions are quadratic and form a basis for the P2,K 
approximation of the unknowns (K indicates the mesh and P2 means that we are using 
polynomials of degree two). If ψi is a basis element, then it is unitary at the i-th node and 
zero at all other nodes and its support is the mesh element which contains the i-th node. 
We can write any unknown function a ˜ x( ) in a given mesh K as 
a ˜ x( )≅ P2,K a ˜ x( )[ ]= a ˜ xi( )ψi ˜ x( )
i=1
N∑  . The initial system of PDE can then be approximated as 
a system of nonlinear algebraic-differential equations; in adimensional form it can be 
written as: 
 
ˆ K ij ˜ φ j + ˆ M ij 1+ n n j − 2p p j( )+ bi = 0
τ e
τ
Mij Ý n i + Kijni − niΛ ijk ˜ φ k( )+ τ e Mij Ý ω iMIEC + τ eλD Ý ω 0
M ↔Sδ1 j +
τ e
λD
Ý ω L
M ↔SδNj = 0
τ v
τ
Mij Ý p i + piΛ ijk ˜ φ k + piΛ ijk ˜ φ k( )= 0
      [19] 
where: 
      Kij =
dψ i
d˜ x0
L∫ dψ jd˜ x d˜ x ; Mij = ψiψ j0
L∫ d˜ x ; Λ ijk = ψi dψ jd˜ x0
L∫ dψkd˜ x d˜ x       [20] 
and 
  
ˆ K ij =
Kij if i ≠1, N
δij otherwise
⎧ ⎨ ⎩ ;
ˆ M ij =
Mij if i ≠1, N
0 otherwise
⎧ ⎨ ⎩ ; b =
−φa 2 + ∆φ0S
0
#
0
φa 2 − ∆φ0S
⎛ 
⎝ 
⎜ 
⎜ 
⎜ 
⎜ 
⎜ 
⎞ 
⎠ 
⎟ 
⎟ 
⎟ 
⎟ 
⎟ 
      [21] 
 
Results 
 
Linear Simulations.  
 
We run the simulation outlined above with parameters written in Table 1. The 
numerical procedure works as follows, first we reach a full nonlinear steady state 
condition, then compute the linearization of [19] and calculate the response of the system 
to an external harmonic excitation of the type φa = φ0 + εφ0eiωt  where ε is “small”. This 
gives a complex impedance. We report instead of the impedance the evaluation on the 
complex resistivity given as: 
ρ = 1
LλD
UTτ
eBλD
εφ0eiωt
δJ                     [22] 
 
Two cases are reported. The first case (Figure 4) supposes thatω i
MIEC
= 0 at MIEC surface. 
While the second (Figure 5.) takes into account the kinetics of reactions occurring at the 
MIEC surface. Both plots indicate a decrease in ρ’s modulus as the pressure decreases 
and indicate as well that ρ increases if one adds MIEC kinetics according to the equations  
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TABLE I.  Parameters. (# indicates number of particles or sites) 
Parameter Value Parameter Value Parameter Value 
λS 1.25Å τe 3.07 ps α 0.01 
λD 0.33Å τv 6.25 ps   β 50 
L 1000 ε/ε0 14 γbulk 2.6 
T 600 °C εm/ε0 1 C 100 µF/m2 
B 3.75E27 #/m3 m∗/ melectron 10 kf 1.0 
N0 1.35E19 #/m3 Cv, max/cv, bulk 7.25   
 
Impedance
0.00E+00
1.00E+04
2.00E+04
3.00E+04
4.00E+04
5.00E+04
6.00E+04
-2.00E+04 0.00E+00 2.00E+04 4.00E+04 6.00E+04 8.00E+04 1.00E+05 1.20E+05
Re(Z) [m Ohm]
p=1 p=0.1 p=0.01 p-0.001  
Figure 4. Impedance spectra – No MIEC Kinetics. 
 
Impedance
0.00E+00
2.00E+04
4.00E+04
6.00E+04
8.00E+04
1.00E+05
1.20E+05
0.00E+00 5.00E+04 1.00E+05 1.50E+05 2.00E+05 2.50E+05
Re(Z) [m Ohm]
p=1 p=0.5 p=0.2 p=0.1 p=0.01 p=0.001 p=0.0001  
Figure 5. Impedance spectra including MIEC Kinetics. 
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[15]. We also note that the spectra correctly indicate an ionic behavior of the material 
studied (12). 
 
Work simulating nonlinear impedance spectra is in progress.  
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